SOLUTIONS OF SYSTEMS OF ELLIPTIC DIFFERENTIAL
EQUATIONS ON CIRCULAR DOMAINS

JOANNA GAWRYCKA AND SLAWOMIR RYBICKI'

ABSTRACT. We study global bifurcation of weak solutions of systems of elliptic differ-
ential equations considered on SO(2)—invariant domains. We formulate sufficient condi-
tions for the existence of unbounded continua of nontrivial solutions branching from the
trivial ones. As the main tool we use the degree for SO(2)—equivariant gradient maps
defined by the second author in [26].

1. INTRODUCTION

Rabinowitz global bifurcation theorem considers problems of the form
u = ALu+ N(u,\) (1.1)

where A € R,u € X, X is a real Banach space, L : X — X is a compact linear operator
and N : X x R — X is a compact nonlinear operator with N(u, A) = o(||u||) for u near
0 € E uniformly on compact A intervals. Let x(L) denote the set of characteristic values
of L. Solutions of (1.1) of the form (0,\) € X x R are called trivial. Define the set of
nontrivial solutions of (1.1) as follows

N ={(u,\) € (X\{0}) xR:u=Au+ N(u,\)}.

Fix \; € x(L) and denote by BZFs()\;) € {0,£2} C Z the bifurcation index at (\;,0)
computed in terms of the Leray-Schauder topological degree. The classical Rabinowitz
alternative can be formulated in the following way.

Theorem 1.1 ([20]). If Ao € x(L) has odd algebraic multiplicity, then there is a mazimal
subcontinuum Cy, C closure(N) such that (0, \g) € Cy, and either

(1) Cy, is unbounded, or
(2) CaoNO}xR) ={(0, A), (0, A1), (0, M)} € ({0} xx(L)) € ({0} xR); moreover

k
> BIFs(\)=0€LZ (1.2)
=0

In other words the Rabinowitz global bifurcation theorem shows that for a large class
of nonlinear eigenvalue problems a continuum C (i.e. a closed, connected set) of solutions
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bifurcates from the trivial solution at each characteristic value (eigenvalue) of odd multi-
plicity of the problem linearized at the trivial solution. Each continuum (1) must either be
unbounded, or (2) must meet some other characteristic value (eigenvalue). Moreover, the
sum of bifurcation indices computed at characteristic values which belong to the bounded
continuum C equals 0 € Z. In other words a local linearized analysis forces the existence
of a global bifurcation. This is a very powerful results that is quoted very often.

Many authors have answered the following question

How to exclude possibility (2)?

On one hand to exclude possibility (2) authors studied the nodal properties and sym-
metries of bifurcating solutions which are preserved on global continua of solutions.

It was shown in [23], using the nodal properties of solutions, that for the nonlinear
Sturm-Liouville problem possibility (2) can not hold for the bifurcating continua in this
problem. Moreover, it was shown in [23] that the continuum of positive solutions of elliptic
differential equations emanating from the principal eigenvalue does not satisfy possibility
(2). Many interesting results in this area have been proved, by using the nodal properties
and symmetries of bifurcating solutions, by Healey and Kielhofer in [11, 12, 13, 14, 17]
and Rynne in [31].

On the other hand Cosner has considered in [5], under some additional assumptions,
class of elliptic differential equations and has proved that the Morse index of solutions is
invariant along continua of solutions of these equations. Which implies that possibility
(2) can never occurs.

Summing up, all the above mentioned authors have studied properties of solutions of
differential equations which were invariant along continua of solutions of these equations.
Since different continua of solutions have possessed different properties, these continua
have been separated and therefore unbounded.

Consider nonlinear eigenvalue problem (1.1) and assume additionally that X is a Hilbert
space which is an orthogonal representation of the group SO(2) and that this problem
is SO(2)—invariant and possesses variational structure. We have proved the Rabinowitz
global bifurcation theorem for the class of SO(2)—equivariant gradient (orthogonal) maps,
see [26]. In this case the bifurcation index BZF();) is an element of the tom Dieck ring
U(SO(2)). Since the ring structure in U(SO(2)) is much more complicated than the ring
structure in Z, it can happen that the sum of any finite number of bifurcation indices is
nontrivial in U(SO(2)). In other words we can prove that all the bifurcating continua of
solutions are unbounded. Notice that, it can happen that some of them are not separated.

We have used this idea in [27, 29, 30]. In article [27] we have studied global and
symmetry-breaking solutions of elliptic differential equations on an annulus. We have
proved the existence of unbounded continua of nontrivial solutions with symmetry-brea-
king phenomenon. In [29] we have considered equation of the form —Agn-1u = Af(u),
where Agn-1 is the Laplace-Beltrami operator on S™~ 1, and have proved that any continu-
um of nontrivial solutions bifurcating from the trivial ones is unbounded in H!(S™"~!) x R.
In [30] we have studied system of elliptic differential equations on SO(2)—invariant domain
and have proved that if the number m of equations of this system is even then any
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continuum of nontrivial solutions emanating from the essential eigenvalue is unbounded

in @ H5 ().

i=1

In this article we study global bifurcations of solutions of system of elliptic differential
equations

U 0 on 02 (1.3)

{—Au = V,F(u,\) inQ

on an SO(2)—symmetric domain §.

We remark that there is a vast literature on the subject of reaction-diffusion systems,
including the steady state situation as above, in view of its applications to chemical,
biological and physical phenomena among others. Here we mention only [4, 18, 25].

Since we assume that considered system of equations possesses variational structure,
as the main tool we use the degree for SO(2)—equivariant gradient maps and the Rabi-
nowitz alternative for SO(2)—equivariant gradient maps, see [26]. We prove the sufficient
conditions for the existence of unbounded continua of nontrivial solutions emanating from
the trivial ones and the necessary conditions for the existence of bounded continua. In
this article we generalize results of [29].

After introduction this article is organized as follows.

In Section 2 we have compiled basic facts on the degree for SO(2)—equivariant gradient
maps.

Section 3 is devoted to the study of systems of linear equations (3.1), (3.2). In this
section we perform local computations of bifurcation indices. In Lemma 3.6 we formulate
the necessary condition for the existence of a bifurcation point. The formula for the
bifurcation index, computed in terms of the degree for SO(2)—equivariant gradient maps,
is proved in Lemma 3.7. The notion of an essential pair is introduced in Definition 3.1.
Properties of the bifurcation index are described in Lemmas 3.9, 3.10.

Section 4 contains the main results of this article. In this section we study system of
elliptic nonlinear differential equations (4.1). Theorem 4.1 is the Rabinowitz alternative
for solutions of system (4.1). In Corollary 4.1 we formulate sufficient conditions for the
existence of unbounded continua of nonzero solutions of system (4.1). Corollary 4.2
contains necessary conditions for the existence of bounded continua of nonzero solutions
of system (4.1).

To illustrate the abstract results proved in this article in Section 5 we consider system
(4.1) for Q = B? B3.

In Section 6 we present some comments and final remarks.

2. Vso(2)—DEGREE AND ITS PROPERTIES

In this section, for the convenience of the reader, we remind the main properties of the
the degree for SO(2)—equivariant gradient maps. We denote it briefly by Vso2)—deg. Put

USOQ2)=Za® (é Z) and define actions +,* : U(SO(2)) x U(SO(2)) — U(SO(2))
as follows =
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a+ B =(a+ Po,a1 + B, .., + B, .. .) (2.1)
axf=(ao- B0 1+ Po-ar,...,a0 B+ Bo-ou,...) (2.2)

where o = (g, 1, ..., Qk,...), 8 = (Bo, By Bk, -..) € U(SO(2)). It is easy to check
that (U(SO(2)),+,*) is a commutative ring with unit. Ring (U(SO(2)), +, ) is known
as the tom Dieck ring of the group SO(2). For a definition of the tom Dieck ring U(G)
for any compact Lie group G' we refer the reader to [8]. Additionally define UL (SO(2)) C
U(SO(2)) as follows

Ur(SO2)) ={a € U(SO(2)) : £ar >0 for all k € NU{0}}.
Remark 2.1. [t is easy to check that x : U+ (SO(2)) x U_(SO(2)) — UL(SO(2)).
In the following lemma we collect some basic properties of the tom Dieck ring U(SO(2)).

Lemma 2.1. Let a = (ag, a1, ... 0k, ...), 8= (0o, B1y--, Bk, ...) € U(SO(2)). Then,
(1) I=(1,0,...) € U(SO(2)) is the unit in U(SO(2)),

(2) ap = £1 iff a is invertible in U(SO(2)),
(3) if ax = (£, 04,...,04,...), then az' = (1, —ay,..., —ag,...),
(4) if ax = (1,04, ..., 04,...), then

(a) ot = (1,naq,...,nag, . ..),

(b) a™ = ((=1)™, (=1)""nay,...,(=1)"nay,...).
(5) if g = Go =0, then ax =0 € U(SO(2)).

An easy proof of this lemma is left to the reader.

q
If 61,...,0, € U(SO(2)), then H(Sj = 0y * ... x ;. Moreover, it is understood that
j=1
[ =1€U(S02).
j€n
Let V be a real, finite-dimensional, orthogonal representation of the group SO(2). Define
e C*(V,R)={f:V = R: fisaC* map},
. C’go(z)(v, R) = {f € CK(V,R) : f is SO(2)-invariant},
o GLgo) (V) ={L € Aut(V) : L is SO(2)-equivariant},
) GLEO(Q)(V) ={L € GLso)(V): (Lv,w) = (v, Lw) for any v,w € V'}.
Let f € CéO(Q)(V, R). Since V is an orthogonal representation, Vf : V — V is an
SO(2)—equivariant C°—map. Choose an open, bounded and SO(2)—invariant subset
Q2 C V such that (Vf)71(0) N 9Q = 0. Under these assumptions we have defined in [26]
the degree for SO(2)—equivariant gradient maps Vgoy—deg(V f,Q2) € U(SO(2)) with
coordinates
Vso)—deg(Vf,Q) =
= (Vso(2)—degso)(Vf, ), Vsoe)—degz, (V. €2), ..., Vsoe —degg, (Vf,Q),...).
Throughout this article v > 0 and D (V) = {v € V :| v |< 7}. In the following theorem
we formulate the main properties of the degree of SO(2)—equivariant gradient maps.
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Theorem 2.1 ([26]). Under the above assumptions the degree for SO(2)—equivariant
gradient maps has the following properties:

(1) if Vso—deg(V1,) # O, then (V£)~(0) N £ 0.

(2) if Vsop)y—degy(Vf,Q) #0, then (Vf)~1(0) N QY £ 0, where QY denotes the set
of fized points of the action of the subgroup H C SO(2) on €,

(3) ZfQ = QO U Ql and QO N Ql = @7 then

Vso@)—deg(Vf,Q) = Vo) —deg(V £, Q) + Vsoe) —deg(V £, ),
(4) if Qo C Q is an open SO(2)—equivariant subset and (V f)~1(0) N Q C Qq, then
DEG(V,Q) = DEG(V f,Q0),
(5) if f € Cyppy(V x [0,1],R) ds such that (V,f)~'(0) N (92 x [0,1]) = @, then
Vso)—deg(V fo, Q) = Vo) —deg(V f1,4),
(6) if W is an orthogonal representation of the group SO(2), then
Vo —deg((Vf,1d), Q2 x Dy(W)) = Vso)—deg(V [, ),
(7) if | € Cpi)(ViR) s such that Vf(0) = 0 and V?[(0) is an SO(2)—equivariant
self-adjoint isomorphism then there is v > 0 such that
Vo —deg(V f, Dy (V) = Vo) —deg(V£(0), D (V).
Below we formulate product formula for the degree for SO(2)—equivariant gradient maps.
Theorem 2.2 ([28]). Let Q; C V; be an open, bounded and SO(2)—invariant subset of

SO(2)—representation V;,i = 1,2. Let f; € CéO(Q)(V;,]R) be such that (Vf;)~" (0) NOQ; =
0,i=1,2. Then

Vso@)—deg((V f1, V f2), 1 X Q2) = Vo) —deg(V fi, 1) x Vso)y—deg(V fa, 2s).
For j € N define a map p’ : SO(2) — GL(2,R) as follows

) cosj-0 —sinj-0
) = sinj-0  cosj-0 0<b<2-m
For k, j € N we denote by Rk, j] the direct sum of k copies of (R?, p7), we also denote by
R[k, 0] the trivial k—dimensional representation of SO(2). We say that two representations
V and W are equivalent if there exists an equivariant, linear isomorphism 7" : V — W.
The following classic result gives a complete classification (up to equivalence) of finite—
dimensional representations of the group SO(2) (see [1]).

Theorem 2.3 ([1]). IfV is a finite-dimensional representation of the group SO(2) then
there exist finite sequences {k;}, {j:} satisfying (x) Ji € {0}UN, keN, 1<i<r,
J1 < J2 < --+ < J» Such that the representation V is equivalent to the representation

@R[ki,ji]. Moreover, the equivalence class of V' (V ~ @R[ki,ji]) is uniquely deter-

i=1 i=1
mined by {j;}, {k:} satisfying (x).
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We will denote by m~ (L) the Morse index of a symmetric matrix L.

To apply successfully any topological degree we need computational formulas for this
invariant. Below we show how to compute the degree for SO(2)—equivariant gradient
maps of linear, self-adjoint, SO(2)—equivariant isomorphism.

Lemma 2.2 ([26]). If V ~ Rk, 0] @ R[ki,mu] @ ... ® Rlk.,m,], L € GLY54) (V) and
v > 0 then

(1) L= dlag (Lo, Ll, e LT),
(2)

(—1)m" (Lo, for H=50(2),
Voo —deg (L. Dy(V)) = & (10w ") o g,
0, for H ¢ {SO2),Zn,, .., Zm,},
(3) in particular, if L = —Id, then
(—1)ko, for H=50(2),
Vso@ —degy(—Id, D,(V)) = (=1)k - k;,  for H = Z,,,,
0, for H ¢ {SO(2),Z,,.-.,%m,}

The following lemma is a direct consequence of Lemmas 2.1, 2.2.

Lemma 2.3. If V =~ R[ko,0] & R[ky,m1] & ... ® R[k,,m,], L € GLEO@)(V) and v > 0
then

Vso@—deg(L, D,(V)) is invertible in U(SO(2)),

(1)
(2) (=1)™ ") Vo —deg(L, D,(V)) € U4(SO(2)),
(3) (Vsow—deg(L, Dy(V)))™ € UL(SO(2)) for any n € N,
(4) (=1)* - Vsoe —deg(—1d, D,(V)) € U+(SO(2)),
(5) if n € N, then
1, for H=S0(2),
((Vso@)—deg(—ld, DW(V)))2">H =20k, for H=12,
0, for H& {SO(2),Zp,, - ZLm,}

Let (H, (-, -)m) be an infinite-dimensional, separable Hilbert space which is an orthogonal
representation of the group SO(2) and let Céoa) (H, R) denote the set of SO(2)—invariant

C'—functionals. Fix ® € Cgp ) (H, R) such that

Vo (u) =u— Vn(u), (2.3)
where Vi : H — H is an SO(2)—equivariant compact operator. Let  C H be an
open bounded and SO(2)—invariant set such that (V&)™ (0) N 9Q = (. In this situation
Vso@ —deg(ld — Vn,Q) € U(SO(2)) is well-defined, see [26].
Let L : H — H be a linear, bounded, self-adjoint, SO(2)—equivariant operator with spec-

trum o (L) = {\;}. By Vi(\;) we will denote eigenspace of L corresponding to eigenvalue
Ai and we put p(A;) = dim V(\;). In other words p();) is the multiplicity of A;. Since
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operator L is linear, bounded, self-adjoint, and SO(2)—equivariant, V(\;) is a finite-
dimensional representation of the group SO(2). Define D.,(H) ={h € H: ||h|lx < 7}.
Combining Theorem 4.5 in [26] with Theorem 2.2 we obtain the following theorem.

Theorem 2.4. Under the above assumptions if 1 ¢ o(L), then
Vso@—deg(Id — L, D,(H)) = [[ Vso@—deg(—Id, D,(Vi(\))).

Ai>1
By C%O@) (Hx R, R) we will denote the set of families of SO(2 )—invariant C!—functionals.

Let functional ® € Cgop (H x R,R) be such that ®(u, A) = 3{u — ALu, u)u + 1(u, A),
where L : H — H is an SO(2)—equivariant, linear, self—adjomt compact operator and
V.n:Hx R — H is an SO(2)—equivariant compact operator and such that

a) V,n(0,\) =0, for all A € R,

b) Vun(h,A) = o(]|h]]), uniformly on bounded A—intervals.
Put N(®) = {(u,\) € (H\ {0}) x R : V,®(u,\) = 0}. Let C()\g) denote connected
component of closure(N(®)) such that (0, ) € C (o).

Definition 2.1. A point (0, \) € H X R is said to be a branching point of solutions of
the equation V,®(u, \) =0, if C(Ao) \ {(0,Xo)} # 0. A point (0, ) € H xR is said to be
a bifurcation point of solutions of the equation V,®(u, \) = 0, if (0, \g) € closure(N (®)).

Of course any branching point is a bifurcation point. It is worth to point out that there
are bifurcation points which are not branching points.

Remark 2.2. Suppose that ® € 030(2) (H,R). Is is well-known that if (0, o) € H x R s
a bifurcation point of solutions of the equation V,®(u, \) = 0, then V2®(0, \) is not an
isomorphism. In other words if (0,\g) € H x R is a bifurcation point of solutions of the
equation V,®(u, \) = 0, then X\ is a characteristic value of L.

Fix A\, € a( ). Choose € > 0 such that A;' is the only characteristic value of L in
A" — e, A" + €] and define a bifurcation 1ndex BIF (A\;") € U(SO(2)) as follows

BIF (\;') =
= Vso@ —deg(Id — (\,' +¢) L, D,(H)) — Vso@) —deg(Id — (A\;.;' —¢) L, D,(H)).

Denote

(1) o4 (L) =o(L)N(0,400) = {\[, A5, ..., AT, ..},
(2) o_(L) =0(L)N(—=00,0) = {A[, A5, ..., A, ...},
with order \] < A\; <...<A; <...<0<...<A <...<\ <A
Lemma 2.4. Under the above assumptions the following formulas hold true:
(1) BZF <()\1+)_1> = Vsowe —deg (—1d, D, (Vi (A\]))) — L,
(2) fOT’ Z.O 2 27
BIF ((\) ) =
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i0—1

= Vso(e)—deg (—]d, D, <@ Vi (Aj))) * (Vso@—deg (—Id, D, (Vi (A1) = 1),

(3) BZF (A1) ") =1~ Vsop —deg (~1d, D, (Vi (A7),
(4) for iy > 2,

BIF (()\;0)_1) -

= Vo —deg (—Id, D, <@ VL ()\i))> * (1= Vo —deg (—1d, D, (Vi (A\;)))) -

The proof of the above lemma is in fact direct consequence of Theorem 2.4.

The following theorem is analogous to the classical Rabinowitz global bifurcation theorem.
Rabinowitz alternative has been proved, by using the Leray Schauder degree, for the
operators in the form compact perturbation of the identity. In our theorem we have
assumed additionally that operators are potential and SO(2)—equivariant. Therefore
to prove this theorem we have used infinite dimensional version of the the degree for
SO(2)—equivariant gradient maps. In other words we study global bifurcations of critical
points of SO(2)—invariant functionals. We formulate sufficient conditions for the existence
of branching points of critical points of functionals. Moreover, we study global properties
of closed connected sets of critical points.

Theorem 2.5 ([26]). Fiz A, € o(L) \ {0} such that BIF (') #© € U(SO(2)). Then
(1) either C (A;)') is unbounded in H x R,

(2) orC (){01) 18 bounded in H x R and additionally the following conditions are sa-
tisfied

(a) € (A,") N ({0} x B) = {0} x (U {w}) 7

Jj=0

(b) iBI]—" (A;jl) — 0 e U(SO(2)).

3. LINEAR EQUATION

One of the most important theorems in topological nonlinear analysis is the Rabinowitz
global bifurcation theorem. Rabinowitz discovered that under certain circumstances a
local linearized analysis forces the existence of branching point of nontrivial solutions of
nonlinear eigenvalue problem. This is a very powerful result that is quoted very often.
More precisely, Rabinowitz has proved that nontriviality of the bifurcation index implies
the existence of a closed connected set of nontrivial solutions, branching from the set of
trivial solutions, which is either unbounded or come back to the set of trivial solutions.

In this section we consider system of linear elliptic differential equations. The aim of
this section is to study linear operator induced by this system and to compute bifurcation
indices given by Lemma 2.4.



SO(2)-SYMMETRIC ELLIPTIC PROBLEMS 9

Let A be a symmetric (m x m)—matrix and Q C RY be an open and bounded subset.
Consider the following system of linear elliptic differential equations
—Au= Au in(
{ u= 0 on 0f2 (3.1)
Define a separable Hilbert space H = @ H(Q) with scalar product
i=1

m

(u,v)g = Z<ui7vi>Hé(9) = / Vu(z)Vu(x) dz,
i=1 Q
for u = (u1,...,up),v=(v1,...,0,) € H.

Remark 3.1. If we consider RY as an orthogonal representation of the group SO(2) and
Q C RY is an open, bounded and SO(2)—invariant subset then (H, (-,-)g) is an orthogonal
representation of the group SO(2) with an action given by g - u(z) = u(gx).
1 1
Define functional ® € 050(2) (H, R) as follows ®(u) = §<u, U)g — 5 / Au(x) - u(zx) dx.
Q

Lemma 3.1. The gradient V® : H — H is a linear, self-adjoint, SO(2)—equivariant
operator of the form V®(u) = u — Lau, where Ly = A - ((—=A)™' - Idgm) : H — H is a

compact operator given by formula (Lau,v)y = / Au(x)v(x)dx.
Q

Let us denote by o(A) the spectrum of A. We will denote by u(a) the multiplicity of
the eigenvalue a € o(A). Additionally, define o (A) = d(A) N (0,+0c0) and o_(A) =
og(A) N (—o0,0).

Denote by o(—A;Q) = {A : 0 < A1 < A2 < ... < A < ...} the eigenvalues of the
following linear problem

{ —Au= Au in €, (3.2)

u= 0 on 0f.
Let V_a(Ax) denote eigenspace of —A corresponding to eigenvalue A\ € o(—A; ). Addi-
tionally put p(Ag) = dim V_a(Ax) i.e. p(Ax) is the multiplicity of Ag.

Lemma 3.2. The following conditions are equivalent:

(1) system (3.1) possesses nonzero solution,
(2) operator Id — Ly : H — H is not an isomorphism,
(3) o(=A;Q) N0y (A) £ 0.
The above lemma has been proved in [6] for n = 2. The same proof remains valid for

n> 2.
The Jordan form of A will be denoted by J(A). Denote by S(m,R) the set of symmetric

real (m x m)—matrices.

Lemma 3.3. Let A € S(m,R). Then there is a continuous path A : [0,1] — S(m,R)
such that A(0) = A, A(1) = J(A) and o(A(t)) = o(A) for any t € [0,1].
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The easy proof of the above lemma is left to the reader.
Lemma 3.4. Assume that o(—A;Q)No(A) =0. Then
Vgo(g) - deg([d - LA, D7<H)) = VSO(Q) - deg([d - LJ(A), DW(H)) =

= J]  (Vsow —deg (Id— La,. D, (H ()",
ajea(A)N(A1,400)

where Ly, = a; - (—=A)7L

Proof. By Lemmas 3.1, 3.2 the operator Id — L, : H — H is an SO(2)—equivariant, self-
adjoint isomorphism of the form compact perturbation of the identity. Let A(t),t € [0, 1]
be a path of symmetric matrices given by Lemma 3.3. Since o(A(t)) = o(A) for any
t €1[0,1], Id — Lay) : H — H is a family of SO(2)—equivariant, self-adjoint isomorphism
of the form compact perturbation of the identity. Applying homotopy invariance of the
degree for SO(2)—equivariant gradient maps we obtain Vo) — deg(ld — La, D,(H)) =
VSO(Q) - deg([d — LJ(A) D (H))

el
m

Since Id — Ly : H = @Hé(ﬁ) — H is a product map, we obtain
i=1

Vso) —deg(Id — La), Dy(H)) = H (Vsor) — deg (Id — La,, D, (Hj (Q))))“(%) =
CYjEO’(A)

= I (Vsop —deg (Id — Lo, D, (B} (2))))"7.

ajeo(A)N(A1,400)
which completes the proof. U
For av € o0(A) N (A1, +00) define Q(«) = @ Voa(Ag).

A <a
Lemma 3.5. Assume that o(—A;Q)No(A) =0. Then,
nlay)
Vo —deg(Id—La, D,(H)) = 11 Vso) — deg(—Id, Do( @ Voa(Mr))
ajeo(A)N(A1,4+00) A <oy
Proof. By Lemma 3.4 we have
VSO(Q) — deg([d — LA, DW(H)) =

= II  (Vsow —deg(Id— La,, D, (H}(2))))".

a;€a(A)N(A1,+00)
That is why applying Theorem 2.4 we obtain the following
H (VSO(z) — deg (Id — La,, D, (Hé (Q))))u(aj) _

ajea(A)N(A1,+00)
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(o)
= I Vso) — deg(~1d, D, (€D Voalw)) |
OszO'(A)ﬂ(Al,-i-OO) A <oy
which completes the proof. U

Let us consider family of linear elliptic differential equations of the form

—Au= MAu in €,
{ u= 0 on Of). (3.3)
Lemma 3.6. The following conditions are equivalent
(1) equation (3.3) possesses nonzero solution,
Ak
2 rxe Y U {E} .
A€o (—A;Q) aca(A)\{0}
The proof of the above lemma is a direct consequence of a Lemma 3.2.
.V Ak . .
Fix — ¢ U U — ¢ . Notice that there is € > 0 such that
o A Eo(—A:0) aj€a(A)\{0} %
A A A A
[ﬁ_@ﬂﬂ} U U {_k} :{ﬁ} (3.4)
Qjo Qo Q A

A€o (—A;Q) ajeo(A)\{0}

For a; € 0(A) \ {0} define W (aj, %) =R[2,0] ® EB V_oa(Ak).

Jo A

In the following lemma we deliver formula for bifurcation index.

Lemma 3.7. Fiz A\, € 0(—A;Q) and o, € 0. (A). Then
BIF (%) —
Qg

A 1(ej)
S H (VSO(Q) — deg (—Id, Dy <W (aj, a—’“>>)> *
(A) Jo

;€04

* ((VS()(Q) — deg(—]d, D6<V_A()\k0>>>>ﬂ(0‘j0) — H) .

Proof. Suppose that o, € 04 (A). Notice that from Lemma 3.4 and (3.4) it follows that
for sufficiently small € > 0 we have
A
BIF (ﬂ) —
Qo

A
= Vso(z) — deg (Td - (ﬁ + e> La, D,B(H)) -

aﬂo
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A
~Vso() — deg (m - (ﬁ - e) La, Dﬁ(H)) =
Qj
)\ 0
= Vso(2) — deg ( ( ) DB(H))
N
—Vgo(g) — deg ( (— — 6) Dﬁ(H)) =
Qo

()
= H (VSo(Q) — deg (Id — (a—ko + 6) La,, Dg (Hé(Q)))) —
(A) Jo

;€04

)\ M(aj)
_ H (VSO(Q) — deg (]d - (a—ko — e) La,,Dgs (Hg(Q)))) .
Jo

aj€oy(A)
Consequently taking into account the above and Theorem 2.4 we obtain the following

BIF (A—’“> -
Qg

)\ M(aj)
— H (vso(z) — deg (]d — a—’“La]., Dj (Hé(Q)))) *

aj€or (A\{ajy} go

)\ N(O‘jo)
* ((Vgo(g) — deg (]d — <a_ko + 6) LochvDﬁ (Hé(Q)))) —
Jo
)\k N(O‘jo)
— (VSO(Q) — deg (Id — (a—o - E) LOéjovDﬁ (Hé(Q)))) =
Jo
)\k w(ey)
= H (VSO(Q) — deg (—]d, Dﬁ (W (ozj, —0)>)) *
Xy

aj€oy(A)

* (Vo — deg (~1d, Dy(V-a ()" = 1),

which completes the proof.
Suppose that «;, € 0_(A). The proof of this case is in fact literally the same as proof

presented above.
O

Let us formulate important consequences of Lemma 3.7. These results will be extremely
useful in the next section.

Lemma 3.8. Let Ay, € 0(—A;Q) and «j, € 0(A) \ {0}. Then the following conditions
are equivalent

(1) BIF A—’“

=0 cU(S0O(2)),
Jo
(2) V_A(Aky) is a trivial SO(2)—representation and p(ay,) - 11( Ay, ) is even.
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Proof. (1) = (2) Taking into account Lemmas 2.2, 3.7 and (2.2) we obtain the following

A n(oy)
11 (vso(g) — deg (—Id, Dy (W (aj, a—’“)))) = +1. (3.5)
(A) J0

;€04

SO(2)
Since (BI]: (%>) =0 and (2.2), (3.5),
%o / / s50(2)
_ _ P«(O‘jo) o _
((Vso) — deg(~1d, Da(V-a(A,))) ]I)SO@) 0 (3.6)

Taking into consideration Lemma 2.2 and (2.2) we obtain that equality (3.6) holds true
iff p(aj,) - (k) is an even number. Moreover, since (2.2), (3.5) and (3.6) we have

s

Qjg

BIF < ) =+ [(Vgo(g) — deg(—[d, Dﬁ(V_A()\kO))))M(Oéjo) i Hi| (37)
A

Combining BZF ( 22
&

of the group SO(2). i

(2) = (1) Since p(ay,) - (A, ) is even, equality (3.6) holds true. Combining (3.5) with

(3.6) we obtain (3.7). Since V_a(Ag,) is a trivial SO(2)—representation and (3.7),

) = O with (3.7) we obtain that V_x (), ) is a trivial representation

A

BIF <—’“> =0 e U(S0(2)),
Qo

which completes the proof. O

Notice that we can formulate Lemma 3.8 in the following equivalent way.

Ako

Jo

Remark 3.2. Let Ay, € o(—A;Q) and oy, € o(A) \ {0}. Then BI]:(
U(SO(2)) iff one of the following conditions is fulfilled

(1) p(Ag,) - pleyy) is odd,
(2) V_A(Aky) is a nontrivial representation of the group SO(2).

);«é@e

Remark 3.2 justify the following definition.

Definition 3.1. A pair (Mg, ;) € o(—A;Q) x (c(A) \ {0}) is said to be essential if
V_A(Aky) s a nontrivial representation of the group SO(2) or p(Ag,) - p1(ay,) is odd.

In Lemmas 3.9, 3.10 we formulate sufficient conditions for which the bifurcation index is
an element of UL(SO(2)).

Lemma 3.9. Fiz A\, € 0(—A;Q) and o, € 0L(A). Moreover, assume that

s uv) + X aimw (.22 uta)

Jo

is even. Then BIF (%) e UL(50(2)).
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Proof. Assume that o, € 0 (A). Suppose that both numbers

o) - uv). Y dimw (.32 -ufe)

acoy(A)

are even. By Lemmas 2.1 , 2.2 and (2.2) we obtain the following

(Vsow = dea(=1d, Dy(V-a (M) = T€UL(S0(2)  (3.8)
by ()
H (VSO(2) — deg (—Id, Dy (W (Oz ﬁ)))) eU,(50(2)) (3.9)
o
a€ai(A)
Combining (3.8), (3.9) with Lemma 3.7 and Remark 2.1 we obtain that BIF (A’%) €
U(50(2)). \
Suppose that both numbers p(a,) - pt(Ax,), Z dlmW( ko) - p(a) are odd. By

acoy(A)

Lemmas 2.1, 2.2 and (2.2) we obtain the following

(Vsor — deg(—1d, Ds(V-5(4)))) "™ ~T€U_(50(2))  (310)
QEHA) (VSO(2) — deg (—Id, Dg (W (a %’;Z))))M(a) cU_(SO(2)) (3.11)

Combining (3.10), (3.11) with Lemma 3.7 and Remark 2.1 we obtain that BZF (/\k‘)) €

J0
U, (SO(2)).
Assume that o, € 0_(A). Repeating in this case in fact the same proof as above we

obtain BZF (A'm) e U_(SO(2)). O

Proof of Lemma 3.10 is very similar to the proof of Lemma 3.9. Therefore it is left to the
reader.

Lemma 3.10. Fiz Ay, € 0(—A;Q) and aj, € 04 (A). Moreover, assume that

plos) 1)+ 3 dimW (a, —) (e

( Jo
Mg
is odd. Then BI]-"( ) € U£(50(2)).

4. NONLINEAR EQUATION

In this section we study weak solutions of the system of nonlinear elliptic differential
equations of the form

—Au = VuF(u,\) in Q
{ ) (4.1)

u = (U,...,Uy) =0 on dN
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where
(1) © c RY is an open, bounded, SO(2)—invariant subset of an orthogonal SO(2)—re-
presentation RY, with boundary of the class O,
(2) F € C*(R™ x R, R),
(3) F(x,\) = %(Ax,x) + n(x, A), where
(a) A is a symmetric (m x m)—matrix,
(b) V.n(0,A) =0, for any A € R,
(c) V2n(0,\) =0, for any A € R,
(4) for any A € R there are Cy > 0 and 1 < py < (N + 2)(N — 2)~! such that for any
(z,A) € R" x R the following inequality holds true | V,F(z,\) |< C\ (14 | = [P»).

Consider Hilbert space H = @ H} () with scalar product
i=1

m

(ur, ug)u = Z<U1,iau2,i>Hé(Q) = Z/ (Vuy (), Vug,(x)) dz,
i=1 79

i=1
where w; = (U1, Ui2, ..., Um) € Hyi =1,2 and (-, -) is the usual scalar product in R™.

Remark 4.1. It is known that (H, (-,-)g) is an orthogonal SO(2)—representation with
SO(2)—action given by g(u(x)) = u(gx).

1
Define functional ® : H x R — R as follows ®(u, \) = §<u,u>H — / F(u, \) dz.
Q

Remark 4.2. Under the above assumptions we have ® € C%O(z) (H x R,R). Moreover,
critical points of ® (with respect to w) are in one-to-one correspondence with weak solutions
of system (4.1).
Notice that for u = (uy,...,Un), ¢ = (@1, ..., om) € H we have
(Vu®(u, A), )u = Du®(u, A) (@) = (u— ALa(u) = K(u, A), ©)u.
where
(1) Ly = A-((=A)"!- Idgm) : H — H is linear, bounded, compact, self-adjoint and

SO(2)—equivariant operator given by (L u, v)y = / Au(x)v(z)dz.

(2) K :H xR — H is a compact, SO(2)—equivariant op%rator such that K(0,\) =0
and DK (0,\) =0 for any A € R.

The following theorem is the Rabinowitz global bifurcation theorem for systems of ellip-

tic differential equations considered on SO(2)—invariant domains. It yields information

about global behaviour of connected sets of weak solutions of system (4.1). This theo-

rem deliver sufficient conditions for the existence of branching points of weak solutions of
system (4.1).

Theorem 4.1. Fiz an essential pair (g, ) € 0(=A; Q) x 0(A). Then
(1) either C (/\ﬁ> is unbounded in H x R,

(170
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(2) orC ( 0) 15 bounded in H x R. Moreover, the following conditions are satisfied
%o
A P
(2) c( ) ({0} x R) = {0} x (U {(f}) . where
5=0 Js

(1) )\koa)\kp'--a)\kwe U(-A,Q),
(i) oy, ajy, ..., aj, € 0(A)\ {0},

(b)

ZBI}" (A’“ ) =0 e U(SO(2)) (4.2)

«
s=0 Js
Proof. To prove this theorem it is enough to study zeros of the operator V,® : HxR — H.
From Lemma 3.2 it follows that V2@ ( /\k°> =Id - /\ﬂLA is not an isomorphism. By
R

assumptions and Lemma 3.2 we obtain that BZF (2’“0> # ©O. The rest of the proof is a

J0
direct consequence of Theorem 2.5. O

Below we prove two consequences of Theorem 4.1. Namely, in Corollary 4.1 we formulate
conditions which exclude one of the possibilities in the alternative given by Theorem 4.1
can be excluded. Moreover, in Corollary 4.2 we describe some properties of bounded
continua.

Corollary 4.1. Let pair (A, @j,) € 0(—A;Q) x 0(A) be essential. Assume additionally
that

(1) ox(A) =0,

(2) p(ey) is even for any a; € oL (A).
Then continuum C (Jo) 1s unbounded in H x R.

J0

Proof. Suppose that o_(A) = (. By Lemma 3.9 it follows that BZF (2—") € U, (S0(2))
for any A\, € o(—A;Q) and o; € o04(A). Since pair (Mg, j,) € U(—AJ;Q) x o4 (A) is
essential, BZF </\k°) # 0 € U(SO(2)). Summing up, condition (4.2) in Theorem 4.1 can
never be satisfied. Suppose now that oy (A) = (). The proof in this case is in fact the same
as the proof of the case o_(A) = 0. 0
In the following corollary we describe bounded continua of nontrivial solutions of (4.1).

Corollary 4.2. Let (Mg, aj,) € 0(—A;Q) x 0(A) be an essential pair. Assume additio-
nally that

(1) Qj, € Ui(A)7

(2) p(ey) is even for any a; € oL (A).

If continuum C (a 0) s bounded in H x R then

J0

oo(A) #0 and C(Z—’j)m x| U U ){ﬁ} £,

a;
aj€0x(A) Ag€a(—A
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Proof. Suppose that o, € 04 (A). By assumption and Lemma 3.9 it follows that
(1) 32 >0,
J0

(2) BIF (L) £ 0 e U(SO?2)),

(3) BIF (3—) € U, (SO(2)) any M, € o(—A; Q) and a; € o4 (A).

Suppose the assertion of the lemma is false. Hence

A

o (A)=0orC (-’“) N ({0} x R) c {0} x (0,+00) (4.3)
Jo

Taking into account (1) — (3) and (4.3) we show that equality equality (4.2) in Theorem

4.1 can never be satisfied, a contradiction. In fact we can repeat the above proof for
aj, co_ (A) O

5. ILLUSTRATION

In this section we illustrate the abstract results proved in the previous section. Let
B™ C R™ denote an open disc of radius 1 centered at the origin. We will study system
(4.1) with Q = B? or Q = B3.

First of all let us describe eigenspaces of —A as representations of the group SO(2).

Put Q = B2 Tt is known that if Ay, € o(—A; B?) then there exists £ € NU {0} such
that V_a(Ag,) = R[1, k]. In other words any eigenspace of —A is either one-dimensional
trivial or two-dimensional nontrivial representation of the group SO(2).

Put Q = B3. We know that if A\, € o (—A; B?), then there exists & € NU {0} such
that V_a(Ag,) = R[1,0) ® R[1,1] & ... @ R[1, k].

From now on let Q = B? or Q = B3. Therefore for fixed A\, € o(—A;Q) we have the
following assertion

(i) if p(Ak,) > 1, then for any a;, € o(A) \ {0} the pair (A, @j,) is essential,
(ii) if p(Ag,) = 1, then the pair (A, ay,) is essential iff p(a;,) is odd.

Remark 5.1. Let us fiz a pair (Mg, 0y,) € 0(—=A;Q) x (o(A) \ {0}) such that p(Ag,) >
1 or p(aj,) is odd. Then all the assumptions of Theorem 4.1 are fulfilled. Therefore

A
< ,ﬁ € H x R is a branching point of weak solutions of system (4.1). Moreover,
Qjo

A
continuum C (ﬂ) C H x R satisfies thesis of Theorem 4.1.

Qjo
As a direct consequence of Corollary 4.1 we obtain the following remark.
Remark 5.2. Assume that o+(A) = 0 and that p(o) is even for any a € oy(A). If
(Mkos ) € 0(—A;Q) x 04 (A) is a pair such that p(Ag,) > 1, then continuum C (%) is

J0

unbounded in H x R.

The following remark is a consequence of Corollary 4.2.
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Remark 5.3. Assume that p(a) is even for any a € oy (A). Let us fir (Mg, ;) €
o(—=A;Q) x 0£(A) such that u(Ag,) > 1. If continuum C (/\ﬂ) is bounded in H x R then

Oéjo

UJF(A)#@andC(%)ﬂ x| U U {%} £,

70 aj€or(A) Meo(-AQ) b7

6. FINAL REMARKS

Fix an inessential pair (A, aj,) € 0(—A; Q) x (0(A) \ {0}) . In this situation we can not
apply Theorem 4.1 because BZF (%) = 0 € U(SO(2)). On the other hand using the
J0

Lapunov-Schmidt reduction we can locally convert the problem of finding of bifurcation
points of solutions of system (4.1) to a finite-dimensional one. Next using the finite-

dimensional Morse theory (or the Conley index technique) we can prove that ( , %) €
H x R is a bifurcation point of solutions of system (4.1). It is worth to point ou‘gothat
it can happen that this point is not a branching point of solutions of system (4.1), see
[2, 3, 15, 19, 32] for examples and discussion.

Notice that to study weak solutions of system (4.1) one can also apply the classical Rabi-
nowitz global bifurcation theorem, see for instance [16, 20, 23, 24]. In other words one can

forget about SO(2)—invariance of 2 and variational structure of system (4.1). To apply

the Rabinowitz alternative we have to compute the bifurcation index BZF g % € 7
0

in terms of the Leray-Schauder degree. However, for a pair (Ag, ;) € o(—A;Q) X
(0(A)\ {0}) such that p(cy,) - p1(Ag,) is even we have BZF g (Ak°> =0 € Z. If in addi-

Oéjo
tion V_a(\g,) is a nontrivial SO(2)—representation then BZF <iﬁ> # 0 € U(SO(2)).
Jo

In other words if a pair (g, @j,) € 0(—A;Q) x (6(A) \ {0}) is essential and such that
p(ajy) - p(Ag,) is even then assumptions of Theorem 4.1 are fulfilled and the classical
Rabinowitz alternative is not applicable. Moreover, for the same reason the classical Ra-
binowitz alternative is not applicable under the assumptions of Corollary 4.1 at any point

A
< ,ﬁ> € H x R, where (A, ;) € 0(—A;Q) x (6(A) \ {0}).

Q;

We 0show in Corollary 4.1 that under some easy to verify assumptions there are un-
bounded continua of nontrivial solutions of system (4.1). It is clear that Corollary 4.1 is
a generalization of Theorem 3.3 of [29]. Namely, if the number m of equations in system
(4.1) is even and A = Idgm then we obtain Theorem 3.3 of [29].
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